
risky instruments such as loans, bonds or swaps underlying some credit-
linked correlation product such as a default basket or a CDO. Every real-
isation of τ constitutes an asset-side scenario in line with figure 1. The
vector τ determines the portfolio’s default quote path (Lt)0 ≤ t ≤ T until the
maturity T of the basket:

(1)

The inter-temporal dependence of jumps Lt – Ls for times s < t, sampled
at a discrete time grid 0 = t0 < t1 < ... < tq – 1 < tq = T, is hidden in the
joint distribution of the default quote path evaluated at these times. Ac-
cording to Sklar’s theorem (Sklar, 1959 and 1973), the joint distribution
of the time-discrete default quote path can be written by means of a
copula function:

in the following form:

(2)

Note that the points xi can always be written as ki/m with ki ∈ {1, ... , m}
and that, in contrast with the case of continuous distributions, the copula
C is not uniquely determined by the joint distribution function of the de-
fault quote path.
■■ Definition 1. A default quote path is called co-monotonic if it can
be written in the form (2) with C = C

~
being the co-monotonic copula

defined by:
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T he evaluation of structured credit products such as default baskets
and collateralised debt obligations (CDOs) is usually based on a so-
called ‘scenario transformation’ approach that addresses the fol-

lowing issues. Simulation of a default times vector for the portfolio
underlying the transaction yields a so-called ‘asset-side scenario’ (see the
left side in figure 1, where the distribution of loss scenarios of a credit
portfolio is shown). Then, every single asset-side scenario is transformed
into a so-called ‘liability-side scenario’ by application of the structural de-
finition of the transaction, for example, in case of a CDO described by
the offering circular or by the presale report of a rating agency (for a brief
overview only). As a last step, all liability-side scenarios are aggregated
into certain cashflow, return or loss distributions, for example, the loss
distribution for a considered CDO tranche (see, for example, Bluhm &
Overbeck, 2004a).

The more complicated the structural definition of a transaction, the more
important is the scenario transformation scheme, in order to gain insight
about the link between the performance of the underlying asset pool and
the performance of securities on the liability side of the structure. For less
complicated structures, analytic and semi-analytic approaches have a good
chance of approximating a ‘full’ Monte Carlo simulation approach in a sat-
isfactory manner. Analytic and semi-analytic approaches are most often
based on analytic portfolio models for the underlying credit portfolio. In
the context of latent variable models, the best known analytic credit risk
model is the threshold approach underlying the benchmark risk weight
formula in the new Basel capital Accord (see Basel Committee on Bank-
ing Supervision, 2004, Vasicek, 1991, Finger, 1999, and Gordy, 2000 and
2003). An application of the analytic threshold approach to CDO evalua-
tion and an extension to semi-analytic techniques can be found in Bluhm
& Overbeck (2004b).

A major issue in basket or CDO evaluation is the timing of defaults.
For example, if in an arbitrage-motivated CDO the occurrence of de-
faults triggers an excess spread ‘trapping’, then the excess spread col-
lected by equity investors strongly depends on default timing. If defaults
occur more frontloaded (that is, at early times), then excess cash is
trapped early and used as a credit enhancement for senior tranche in-
vestors. Equity note-holders then will not only suffer a capital loss but
will also not be able to collect an attractive amount of excess spread. If
defaults occur more backloaded (late in time), then equity investors will
have time to collect excess spread, compensating them for the capital
loss they will suffer. In the case of a backloaded default timing, equity
investors may achieve an attractive return on their investment even if
they lose their invested capital in part or total.

Now let us introduce some notation in order to become more explicit.
Consider a default times vector τ = (τ1, ... , τm) for a portfolio of m credit-
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Co-monotonic default quote
paths for basket evaluation
To evaluate structured credit products such as default baskets and collateralised debt
obligations, it is essential to fully understand the default timing of credit-risky instruments in
the underlying reference portfolio. Christian Bluhm and Ludger Overbeck investigate a
simulation scheme applicable to such products based on a ‘one-variable approach’ in the
same way as common analytic approximation techniques but applicable to low-granularity
portfolios with an arbitrary dependence structure and non-uniform default probabilities

1. Scenario transformation in a CDO
simulation model



Note that the co-monotonic copula is sometimes called the upper Frechet
copula. It is the copula inducing the strongest possible multivariate 
dependency.

We point out that for given known marginal default quote variables Lt1,
... , Ltq the co-monotonic copula always leads to the same distribution of
the time until the nth default as any other copula. As a ‘side product’, we
develop an efficient scheme for simulating CDOs and default baskets, for
example, the first-to-default, second-to-default, etc. The simulation scheme
yields an exact replication of a full Monte Carlo simulation if in the un-
derlying portfolio all assets have the same exposure (money ‘at risk’). In
the case of non-exchangeable exposures, co-monotonic simulation can still
be exploited as a valuable approximation tool. Additionally, the co-mo-
notonic approach can be combined with a uniform portfolio approxima-
tion to further speed up CDO simulations (see figure 2).

Co-monotonicity in default quote paths
Co-monotonicity provides a valuable and efficient tool to evaluate the de-
fault quote paths of any given credit portfolio model. We will explain this
here and in the subsequent sections. For this purpose, let us choose any
credit portfolio model and determine the probabilities:

(3)

for a portfolio of m names where Lt is defined in equation (1). There are
lucky cases where the portfolio model allows us to determine the likeli-
hoods pt, k numerically (see below, ‘Implications, benefits and aplications
of co-monotonicity’). In other cases, for example, in case of a complicat-
ed underlying multi-factor model, these likelihoods have to be determined
by simulation techniques. In this section, it is essential that these likeli-
hoods are known.

Given the probabilities (3) for a discrete time grid t = t1, ... , tq:

we write [z] = max{k ∈ N0 : k ≤ z} for the greatest non-negative integer
below z ≥ 0 and define for any time tj > 0 a distribution function:

(4)

The distribution functions Gtj are step functions due to the finite granu-
larity m of the portfolio. We now compare the original default quote path:
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determined by the chosen portfolio model applied in equation (1) with
the default quote path:

defined by the distribution functions (4) where Z ~ U[0, 1] is a random
variable uniformly distributed in [0, 1] and:

denotes the generalised inverse of Gtj.
■■ Proposition 1. The one-dimensional marginal distributions of L and L

~

coincide, and L
~

is co-monotonic.
■ Proof. For the coincidence of marginal distributions, consider for Z ~
U[0, 1]:

due to equations (3) and (4). Co-monotonicity of L
~

can be seen as follows:

again due to the uniform distribution of Z in [0, 1]. As in definition 1, C
~

denotes the co-monotonic copula.
The coincidence of the marginal distributions of L and L

~
can be il-

lustrated by the simulation scheme shown in figure 2, here for a yearly
time grid t1 = 1, ... , t4 = 4. Co-monotonicity of L

~
refers to the simulation

of just one single random variable Z ~ U[0, 1]. Partitioning the unit in-
terval in appropriate pieces to reflect the definition (4) of the discrete
distribution functions Gtj yields – by construction – marginal default quote
distributions exactly matching the original default quote distributions of
Ltj at any time horizon tj. Therefore, proposition 1 indeed confirms our
statement at the beginning of this section that co-monotonicity arises nat-
urally in the context of portfolio default quote paths (independent of the
chosen portfolio model).

Co-monotonic default timing
As already indicated, an accurate modelling of the timing of defaults of as-
sets underlying a basket or CDO structure is important. Here, we show
that replacing the original copula C in equation (2) by the co-monotonic
copula C

~
not only preserves the original marginal default quote distribu-

tions (see proposition 1) but also preserves the timing of defaults from the
original portfolio model. More explicitly, we show that the co-monotonic
default quote path L

~
generated by means of a simulation scheme as illus-

trated in figure 3 and the original default quote path L perfectly agree from
an nth-to-default timing perspective.

We denote by τn:m the time until the nth default out of m obligors with
respect to the original default quote path L:

In the co-monotonic set-up, we write τ~n:m for the time of the nth default
corresponding to the co-monotonic default quote path L

~
:

We now show that the distributions of τn:m and τ~n:m coincide.
■■ Proposition 2. The distributions of the nth default time for default quote
paths L and L

~
agree:
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where Y, ε1, ... , εm ~ N(0, 1) are independent standard normal random vari-
ables, (p(i)

t  )t ≥ 0 refers to the credit curve1 of obligor i, ρ denotes the uni-
form asset correlation referring to the systematic risk of obligors and N[⋅]
denotes the standard normal distribution function. Background informa-
tion on the one-factor threshold model (before and after application of the
limit ‘# obligors → ∞’ respectively), mentioned above, can be found in var-
ious publications, for example, Finger (1999), Gordy, 2000 and 2003, Wilde,
2001, Schoenbucher, 2000, and chapter 2 in Bluhm, Overbeck & Wagner
(2003). Originally it dates back to a paper by Vasicek (1991).

Comparing (1) and (7) suggests defining the default time of obligor
i by:

(8)

where ri is defined in (6) and Fi(t) = P[τi ≤ t] = p(i)
t is the distribution

function of the default time on [0, ∞) determined by the corresponding
credit curve (p(i)

t   )t ≥ 0 (see Finger, 2000, Li, 1999 and 2000, Schmidt &
Ward, 2002, and Bluhm & Overbeck, 2004a). The copula driving the tail
dependency of default times τi according to definition (8) is determined
by the copula of the one-factor model (6), which in our case is Gauss-
ian but could as well be defined by means of other copulas, for exam-
ple, the Student-t copula.

From proposition 2 we know that the time until the nth default out
of m obligors based on the original model, τn:m, coincides in distribu-
tion with the corresponding co-monotonic nth default time τ~n:m. Based
on (6) and (8), it is clear that the simulation of correlated default times
(τ1, ... , τm) for the one-factor model with respect to m names requires
the simulation of (m + 1) random variables.2 In a co-monotonic simula-
tion one has (according to figure 3) only to simulate one single random
variable Z ~ U[0, 1].

We tested the simulation time advantage by means of a CSO3 with 80
names ($10 million each), five tranches (equity, class C, class B, class A
and super senior) and typically structured cashflows including an excess
spread trigger4 in case of losses (see Bluhm & Overbeck, 2004b, for details
of the working example). In this example, we observed that the co-mo-
notonic approach was five to 10 times faster5 than the ‘full’ Monte Carlo
simulation approach. However, one has to take into account that we did
our test calculations with a one-factor model. If the one-factor model was

τi i iF N r i m= [ ]( ) =( )−1 1,...,

■ Proof. We start with the co-monotonic path L
~

and define:

Note that t |→ qt, n:m is a decreasing function (see also figure 3). Based on
proposition 1 and figure 3, observing n out of m defaults at time t in a co-
monotonic simulation is equivalent to:

(5)

Therefore, the time until the nth default must equal the first time t such
that Z > qt, n:m for Z ~ U[0, 1]:

We now come to the path L. In case of τn:m ≤ t at least n out of m defaults
must have occurred before or at time t. The likelihood for n or more de-
faults in the time interval [0, t] is given by:

Therefore, we finally obtain the claimed conclusion:

Implications, benefits and applications of co-monotonicity
Proposition 2 says that the distribution of the nth default time can be sim-
ulated by a co-monotonic approach according to figure 3, independent of
the underlying portfolio model. Now, if all assets in the portfolio have the
same amount of money ‘at risk’, there is no loss of information arising from
a co-monotonic approach. This is because, based on proposition 2, the co-
monotonic approach yields full information regarding the time grid of de-
fault occurrences, and the condition of exchangeable exposures (that is,
all assets cause the same loss amount in case of default) guarantees that
we do not have to be concerned with the question ‘which particular asset
is defaulting at which particular time’, because all assets generate the same
amount of loss anyway. Fortunately, the condition of ‘exchangeable ex-
posures’ can be assumed to be fulfilled in typical collateralised synthetic
obligations and default baskets. It is unusual to have a basket or collater-
alised swap obligation (CSO) with an inhomogeneous exposure distribu-
tion. Therefore, the co-monotonic approach is perfectly suited for such
instruments. In ‘classical’ CDOs, say, loan securitisations, the situation is
different. Here, the exposure distribution most often is inhomogeneous,
although most offering circulars explicitly do not allow for significant sin-
gle obligor concentrations (in terms of lending amount allocated to a sin-
gle name). Therefore, the co-monotonic approach can serve as an
approximation tool even in such cases.

We see two major benefits in the co-monotonic set-up, namely sim-
ulation efficiency and variance reduction. The order of magnitude of
both benefits depends on the originally chosen model, but even if the
original model is a simple one-factor model the benefits are still mea-
surable. For illustration purposes we give some examples. Consider a
one-factor model:

(6)

triggering default indicators 1{ri < N–1[p(i)
t ]} leading to default quotes:

(7)L
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3. Simulation scheme for L~

1 A credit curve is a term structure of cumulative default probabilities. See, for example,
Bluhm & Overbeck (2004a)
2 One systematic factor Y and m idiosyncratic effects ε1, ... , εm
3 See, for example, Bluhm & Overbeck (2004a) for further explanations and an example
4 The excess spread trigger redirects cash from excess spread into a loss reserve (credit
enhancement), protecting senior note investors
5 The speed factor depends on several factors, for example, the used computer, the
programming environment and so on



replaced by a multi-factor model the simulation time advantage could be
expected to be significantly higher (when replacing the systematic factor
Y by a sum of weighted country and industry factors).

We come to a second example combining the co-monotonic approach
with an analytical approximation. We again consider the sample CSO men-
tioned above. The analytical approximation we use is straightforward and
works as follows. We replace the ‘true’ pt, ks in equation (3) by:

(9)

where (pt)t ≥ 0 is a uniform6 (approximate) term structure for the 80-name
portfolio (see the already mentioned literature on one-factor models). In
this particular set-up, the probabilities pt, k can conveniently be calculated
numerically (for example, by use of Mathematica or other programs that
can do numeric integrations).

In figure 2, we compare the hitting probabilities of CSO tranches with
respect to a full default times simulation model and a co-monotonic sim-
ulation model. One can see that the co-monotonic/analytic approach
yields a fairly good approximation of the ‘full’ simulation model. Based
on the additional credit enhancement for senior note investors in case
of a default/loss trigger, the hitting probability of tranches in a transac-
tion with an excess spread trigger is significantly lower (see Bluhm &
Overbeck, 2004a). If instead of the approximate pt, ks from equation (9)
we used the ‘true’ pt, ks corresponding to the original model, the co-mo-
notonic approximation would turn out to provide a perfect match7 based
on proposition 2.

In our last example, we come back to the already mentioned condi-
tion of exchangeable exposures. Additionally, we show the variance re-
duction effect co-monotonicity has on basket simulations. For this
purpose, we consider a ‘duo basket’ (that is, a basket consisting of two
assets) containing:
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5. Comparison of simulation approaches: efficiency, variance reduction and loss of information
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6 A uniform credit curve can be obtained as an average of the credit curves of single
names in the portfolio
7 As already indicated a perfect match is obtained if the realised loss arising from a
default is the same no matter what asset defaults
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■■ instrument A: a five-year CDS written on a name with a one-year de-
fault probability of pA = 8 basis points (A-rated) with a volume of €10 mil-
lion; and
■■ instrument B: a five-year CDS written on a name with a one-year de-
fault probability of pB = 36bp (BBB-rated) with a volume of €20 million
with an assumed asset correlation of 15%. Duo baskets applied to loans
or bonds instead of CDSs can be used to hedge joint defaults in a credit
portfolio. Pairing swaps instead of funded instruments synthesises the duo
basket transaction towards a purely derivatives-based product. The trans-
action we have in mind works as follows.

We sell protection on names A and B but buy protection against a bas-
ket credit event defined by the second-to-default of the basket. Figure 4
shows the structure of the transaction, where our position is shaded in
grey. In other words, we are (synthetically) exposed to the default risk of
two names but protected against the joint default of the two names. Based
on the moderate asset correlation of A and B we can expect a moderate
premium in our protection-buying agreement (right-hand side of figure 4)
whereas in our protection-selling agreement (left-hand side of figure 4) we
can expect to collect two single-name fees driven by the default risk of as-
sets A (pA = 0.0008) and B (pB = 0.0036) in the two CDSs we have written
for names A and B. For reasons of simplicity, we assume a fixed loss given
default of 60% for both names and a maturity of the basket in T = five
years. Figure 5 shows the comparison of a full Monte Carlo simulation of
correlated default times with a co-monotonic evaluation of the two assets
in the duo basket.

Figure 5 (a) and (b) clearly illustrate the variance reduction effect aris-
ing from co-monotonicity. Note that the full simulation approach is based
on 200,000 scenarios of three variables (one systematic factor and two idio-
syncratic effects) whereas the co-monotonic approach is based on 50,000
scenarios of one uniformly distributed variable.

Figure 5 (c) and (d) illustrate the effect of non-exchangeable expo-
sures. The co-monotonic approach works fine as long as we have the
same amount of money at risk for both names. As soon as different oblig-
ors cause different losses in case of default, the co-monotonic approach
loses the information about ‘who’ is defaulting although the nth-to-de-
fault distributions still coincide. In the case of non-exchangeable expo-
sures, it is impossible – based on one single random variable – to correctly
address the multinomial character of non-exchangeable exposures (see
Bluhm & Overbeck, 2004a) by means of a co-monotonic approach. There-
fore, for the co-monotonic approach we have to make an assumption re-
garding the amount that is lost in the case of the first and second default.
Because in the co-monotonic set-up we do not have this information at
our disposal we decide for equal ‘exposures at default’ (see figure 5 (d))
for both assets. Alternatively, we could have assumed that the exposure
of the asset with higher default probability always constitutes the first
loss. No matter what assumptions we make, we have to live with a lack
of information in the co-monotonic approach and can only try to over-
come this information gap by subjective assumptions leading to an ap-
proximation of the truth.

Conclusion
Co-monotonicity is a powerful tool for basket and CDO evaluation be-
cause it exactly captures the default timing of a given credit portfolio –
even for low-granularity pools – but significantly reduces the simulation
effort and simulation noise. However, caution is required if assets have
non-exchangeable exposures because in such cases the co-monotonic ap-
proach will cause a loss of information regarding the ‘identification by
name’ of the first, second and nth loss. Fortunately, the standard situation
in basket credit derivatives is the case of equally sized exposures. Our duo
basket example (involving different exposure sizes) is somewhat ‘artificial’
and serves for illustration purposes only. Based on the still growing im-
portance of basket credit derivatives and CDOs/CSOs, we believe that the
time dependency of defaults and losses needs further investigation in order
to develop efficient simulation tools. ■
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