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Abstract

The Greens functiong on a post-critically nite self-similarsetK canbeinterpretedascovariancekernelof azeromeanGaussian
random eld X parametrizedy K . In this paperwe explicitely constructX by a suitablemodi cation of the well knovn midpoint
displacemenalgorithm. Our constructiorincludesa randomseriesrepresentationf X , obtainedby piecevise harmonicinterpolation
betweenGaussiamandomvariablesde ned on the verticesof the nite graphsapproximatingthe self-similarsetK . For K = [0; 1]
our constructioryieldsthe Lévy representatioof the standardBrownianbridge.
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1 Intr oduction

In 1987 GoLDSTEIN [8] andKuUsuoKA [18] constructeda diffusion processwith valuesin the Sierpinskigaslet. Their
procesds the rst exampleof Brownian motionwith valuesin a self-similarfractalK . For the Sierpinskigaslet BAR-
LOW AND PERKINS [3] presentedh detailedestimateof the correspondindransitiondensity Sincethenmary people
contritutedto the studyof diffusionson fractals. For instance L INDSTR@M [19] studiedBrownian motionwith values
in so-callednestedractalsandHAMBLY [9] investigatedBrownianmotionliving in a fractal randomervironment. All
theseso calledfractionaldiffusionsare stronglysymmetricMarkov processesseeBARLOW [2] for details. This makes
theapplicationof generaMarkov techniquepossible.

The Greens function g associatedvith Brownian motionin a self-similarsetK is a symmetricnonngative de nite
kernel. Thereforewe caninterpretg as covariancekernel of a zero meanGaussiarrandom eld parametrizedy the
self-similarsetK . This viewpointis dueto DYNKIN [4], who establishedh generaltheory of Gaussiarrandom elds
associateavith Markov processesia their potentials,seee.g. [5]-[6]. A decaddater, MARCUS AND ROSEN [20]-[21]
usedDYNKIN's theoryto derive continuity and boundedneseesultsfor the local times of strongly symmetricMarkov
processefrom the samplepathpropertief the associate@aussianelds.

The main novelty presentedn this paperis a direct constructve approachto DYNKIN type random elds associated
with Brownianmotionin suitableself-similarsetsK . It will turn out thatby constructiontheserandom elds aretied
down on the boundaryof K , which motivatesto call them “bridges'. For the unit interval, our constructionyields the
well known Lévy representationf the standardBrownian bridge, obtainedby the Schauderfunction constructionof
Brownianmotion. For moregeneralself-similarsets,a basisof piecavise harmonicfunctionsconstitutesa substitutefor
the Schaudefunctionsover the unit interval. As a naturalby-productwe show thatthereproducingkernelHilbert space
of ourrandom elds coincideswith the Dirichlet spacecorrespondingo the underlyingharmonicstructure.For the sale
of abetterunderstandingye explain our ideasin section2 by meansof the unit interval andthe Sierpinskigaslet before
treatingthe generalcasein sections4 and5. For reasonf corveniencefor the readey we recall somebasicfactson
harmoniccalculusandGreens functionsin section3.

For existenceof Brownianmotionin K we shallmake certainassumptionsk-irst,we assume to bepost-critically nite
(p.c.f.), essentiallymeaningthat the piecesof the self-similarsetK intersectin only nitely mary points,seeKI1GAMI
[12] for anexactde nition. Secondwe assumexistenceof aharmoniccalculusincludingthenotionof aLaplaciananda
Dirichletform onK asintroducedoy KiGami [12]. In generalgxistenceof a harmoniccalculusis anopenproblem,but
for mary well known fractalssuchacalculusis well developedandunderstoodseeK1GAMI [11]-[16], Mosco [22]-[23],
STRICHARTZ [25], andSTRICHARTZ ET AL. [24], [26].

It is importantto point out that KicGAMI's harmoniccalculuson p.c.f. self-similar setsyields the samelLaplacianand
Dirichlet form asderived by generalresultsfrom the Brownian motion in thesesets. So the probabilisticand analytic
approachearejust differentaspect®f the sametheory seeBARLOW [2], FUKUSHIMA [7].



2 Brownian bridges over the unit interval and the Sierpinski gasket

In this sectionwe explain our ideasby meansof two examplesof self-similar sets,namelythe unit interval and the
Sierpinskigaslet. Somebackgroundn harmoniccalculusandall detailsandproofswill begivenin sections3, 4, and5.
We rst focusonthe BrownianbridgeX = X (t) 12[0:1] over theunit interval. Notethat[0; 1] is the simplestexample
of ap.c.f. self-similarset. The Lévyrepresentatioof X is givenby therandomseries
X(t) = X sy 0 t 1y (1)
k=1 i21 (k)

wherel (k) denoteghesetof oddintegersbetweerD and2, f i(k) :k 2 N;i 2 1 (k)gisafamily of independenstandard
normalrandomvariables,andthe Si(k) 's aretaken from the systemof Schauderfunctionsobtainedby integratingthe
Haarbasisin L 2([0; 1]). Notethatthe graphsof the S'*)'s look like little tentsof height2 (v*D =2 centeredhti=2¢ and
nonoverlappinghor differentvaluesofi 2 | (k), seeKARATZAS AND SHREVE [10], 2.3.-2.4.TheLévyrepresentatiofi)

supportonvergenceof thewell known midpointdisplacemenalgorithmfor constructinghe Brownianbridgeon [0; 1].

Thedistribution of X is determinedy the covariancekernel

(s;t) = E X()X (t) = minfs;tg st s;t2[0;1] :

Moreover, istheGreensfunctionof BrownianmotionB in [0; 1] killed whenit exits (0; 1) , sothatX is the Gaussian
eld associateavith B, seeDyYNKIN [4].

Now letK beary p.c.f. self-similarsetcarryingaharmonicstructure seeKi1cami [12]. Notethatthestandard.aplacian
(inducedby the underlyingharmonicstructure)on K correspondgas in nitesimal generator)}o a Brownian motion
proces$ B in K . Thestandardsreensfunctiong of B in K is the covariancekernelof a (DYNKIN type) Gaussianeld
X parametrizedby K . Ourmainobjectveisto nd aLévytypeconstructiorof X generalizing1). We now explainhow
this canbe donefor the Sierpinskigaslet (SG).

Recallthatthe SGis theuniqueself-similarsetK  R? satisfying

K = FuK)[ oK) [ Fs(K);  Fix) = 5(x p)+p (1= 123)

wherep; = (0;0), p2 = (1;0), andps = 1:2;p§:2 arethe verticesof an equilateraltriangle of si%elengthl. Set
Vo = fpi;pz;psgandlet = £1;2,3g",F = F , F.for =(1:55 m)2 m,and =" m.For

2 n weidentifytgethreeverticesin F (Vo) with the correspondingn-minimal triangle. The setof verticesat stage
misgivenbyVm =, F (Vo). Besidesvede ne VO = VinnVp. The( nite) setVy is understoodsthe boundary
of K. Now let g bethestandardsreensfunctiononK , seesection3. G; = gj(V V) is calledthe (stagel) Greens
matrixonK , givenby

0 1
1311
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Let( ;A;P) beacompleteprobability spaceoverwhich all randomvariableswill bede ned. Set

X(p)=0 (i=123):
ChooseaGaussiarvector () = = ( p)p2ve With normaldistributionN (0; G1) (mean0, covarianceG,). For 2
we de ne a Gaussianvector () = ( §)) ¢ (voy With distributionN 0;(3=5)"G; suchthat () : 2 isa
family of independentandomvectors.For the meaningof theratio 3=5 we referto (3).

X = » forp2 vy’

S
determinesX onV;. We wantto extendX by inductionto all pointsp 2 V = rlnzo Vi . Assumethatthe random
variablesX (p) arealreadyde nedfor everyp 2 Vi, 1. LetF (Vo) = fau; p; ggbean(m  1)-minimaltriangle. Then
we extendX to g12; ths; tps 2 Vi by

INote that one usually constructsa Brownian motion process in anin nite self-similarextensionk™ of K . Brownian motionin K canthenbe
obtainedby killing theprocessB whenit exits K (ontheboundaryof K ).
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Remark 2.1 The Equationsabove (withoutrandomoffsets)areknown asthe harmonicalgorithm,seeKi1Gami [11] and
STRICHARTZ ET. AL. [24]. This algorithmis usedfor computingthe valuesof harmonicfunctionson the SG. More
preciselygivenary boundaryaluesf (p1);f (p2); f (ps), onecanextendthefunctionf toaharmonicfunctionontheSG
by successie applicationof the harmonicalgorithmandsomelimit argument.

If we continueto de ne randomvariablesby this schemewe obtaina Gaussiarsystemf X (p) : p2 V g de ned onan
in nite setof verticesdensan K . It follows from thegenerakesultsin sectiond andexample3.1 thatthis systemcanbe
extendedo the BrownianbridgeoverK with covariancegivenby the Greens functiong onK , seetheoreny.2.

Moreover, X hasa Lévy type representationsee(6). For understandinghis, recall that on the unit interval, the Lévy
representatiolil) is obtainedoby linearinterpolationbetweerrandomheightsarisingfrom midpointdisplacementThis
is realizedby summationof randomlyscaledSchaudefunctions. For the Sierpinskigaslet, the Schaudefunctionsare
substitutedby a basisof piecavise harmonicfunctions,seeexample3.1 for anillustration. By summationof randomly
scaledpiecavise harmonicfunctionwe obtain(6).

Thefollowing gure shows a simulationof the Brownian bridgeon the SG (left-handside)andthe correspondindront
face(right-handside):

Remark 2.2 A majordifferencebetweerthe bridge over the SG andthe bridgeover[0; 1] is the following: For the SG
we cannotdo midpointdisplacementvith i.i.d. randomvariablesbut have to take into accountthe naturalcorrelations
givenby the (stagel) Greenamatrix G; .

3 Green'sfunction on p.c.f. self-similar sets

In this sectionwe brie y recallthe constructiorof Greens functionon p.c.f. self-similarsetscarryinga harmonicstruc-
ture. For detailsandproofswe referto KiGaMI's paperd12]-[13]. S

Let K;f1;::5Ng; fFigi-1...n beap.c.f. self-similar structure,essentiallymeaningthat K = iNzl Fi(K)isa
compactself—gimiIarsetwhosepiecesFi (K) intersectin only nitely mary points. Let Vy be the boundaryof K , and
deneVy = 2 mF(Vo)formZN,where m=fL;Ng"andF = F | F,_for =155 m)2 m.

Notethatthe p.c.f. propertyassureshatthe boundaryV, is nite. We assumeexistenceof amatrixD 2 R Yo and
avectorr = (rq;:ry) with 0 < ry < 1, suchthat(D;r) becomes (regular) harmonicstructureon K , seeKiIGAMI



[12])-[13] for the de nition and propertiesof harmonicstructures. For instance,on the Sierpinskigaslet the standard
harmonicstructures givenby

0 2 1 11
D=@ 1 2 1A; r= g;g;g; (3)
1 1 2

seeKIGAMI [15] 3.13. Asociatedwith D is a Dirichlet form Ep (u;v) = uTDv (u;v 2 RY?). Following KIGAMI's
paper12], ary harmonicstructurg(D; r) inducesdiscretel aplaciangconductancenatrices)
X

Hm = r 'RTDR 2RV Vm
2

andcorrespondindirichlet forms

X
Em(u;v) = r '‘Ep(u F ;v F); u;v2 RV
2

wherer =r, r _andR :R ! RY;u7!'u F .H, canbewrittenas

m
|

!
Ho= m [ 9m . 1 opRW Voo oo RV VR (4)
IJn | Mm

whereM , is invertibleandnegative de nite, sothatthe socalledGreens matrix
Gm= M, (m2N)

is a symmetricnonnagyative de nite matrix with nonnngative entries. Let d denotethe EuclideanmetricandC(K ) =
C(K; d) thespaceof continuoudunctions(w.r.t. d) onK . A functionf 2 C(K) is calledharmoniconK if H,f(p) = O
for everym 2 N andall p 2 V2. A functionf 2 C(K) is calledm-harmonicif f F is harmonicfor every 2 .
Forp2 Vi let ' betheuniquem-harmonicfunctionsuchthat( ['jVim)(q) equalsl if g= p andO otherwise.

Example 3.1 For the Sierpinskigaslet K andp 2 V.2 the m-harmonicfunction p' is nonzeroon the restrictionof
K to the two m-minimal trianglesconnectedoy p and zero elsevhere. Startingfrom the characteristidunctionin p
on Vi onecanconstruct ' by successie applicationof the harmonicalgorithm (remark2.1) insid%trje m-minimal
trianglescBn_nected)y p. Thefollowing gure shavs g and é onthe Sierpinskigasletfor p = (1=2; 3=2) 2 V, and
q= (1=4; 3=4)2 V-

Pieceavise harmonicfunctionslik e the oneon theright-handsideabove replacethe Schaudefunctionsusedin the Lévy
representatiofil) of the Brownianbridgeon theunit interval.

S
Bydening , = ,')“ forp 2 VmnVyn 1, we obtaina piecavise harmonicbasis( p)p2v , WhereV = rlnzo Vi . The
Greensfunctionat stagel is de ned by

X
axy) = (xy)= (G1)pg p(X) q(y) (xXiy2K):
p;g2 VP



TheGreensfunctionatstagem is de ned asfollows. Firstset

F Ix):F Yy) ifxy2F (K)

(y) = 0 otherwise
S
for 2 =7 .., m.Thendene
X 1 X X
Om(X;y) = roo(xy)= (Gm)pg p (X) q (¥):
k=0 2 p;g2V,2

Becausef (x;y) 0 (andtheregularity of the harmonicstructure(D;r)), thelimit

X
g(xy) = lim gm(x;y) = roo(xy)
2
is nite, andgis continuounK K, seeKiGaMI [12] 5.4. Thekernelg is calledthe Greensfunctionassociatedvith
theharmonicstructure(D; r) onK . It is symmetricandnonneyative de nite. More informationon Greens functionson
fractalsandvariouspicturescanbefoundin arecentpaperby KIGAMI, SHELDON, AND STRICHARTZ [17].

4 Construction of Brownian bridges

Let K;f1,:;Ng;fFigi-1..n beap.c.f. self-similarstructurecarryinga regular harmonicstructure(D;r) asex-
plainedin section3. Let ( ;A;P) be a completeprobability spaceover which all randomvariableswill be de ned.
Restrictionof the Greens functiong to V;° yieldsthe Greens matrix G;. We mentionedn section3 thatG; is anonney-
ative de nite symmetricmatrix with nonneyative entries. Thereforewe caninterpretG; ascovariancematrix of amean
zeroGaussiamandomvector
- 6= ) .
P p2vl”
We regard ,(;) as ‘randomheight' over the vertex p 2V andde ne a stochastigprocessX @ on K by piecavise
harmonicinterpolationbetweerthe Gaussiarvariables é’) (p2 VY,

X
X O (1) = ) o) (t2K);
p2Vvp

wherethe functions , aretakenfrom the piecavise harmonicbasisintroducedin section3. Now we selectfor every
address 2 aGaussiamandomvector

()=

()
P p2F (V)

with meanzeroandcovariancematrixr Gi, suchthat
n 0]

is afamily of independentandomvectors.Recallthatfor 2 ,r =r , r _,wherether;'saretakenfrom the
harmonicstructure(D;r). Form 2 N we de ne processeX (™) by
X X X
XM (t) = §) ) (t2K): (5)
k=0 2 p2F (V)

Proposition4.1 Theprocesses X (M) (t) ok arezeo meanGaussiarrandom elds with pathsin C(K'). Thecovari-
ancekernel ,, of X (M coincideswith the Green's functiongm +1 0f stage m+1 associatedvith the harmonicstructue
(D;r) onK.



Proof. Firstof all it is clearby constructiorthatall randomvariablesX (™) (t) have meanzero. Becausall functions p
arecontinuousgvery pathof X (™) is justa( nite) linearcombinationof continuousfunctionsandthereforecontinuous.
For proving thatX (M) is Gaussiawe rst considemnly pointsp 2 V . Everysuchp is in someVy, . Therepresentation
(5) shavsthatX (™) (p) is alinearcombinatiorof variables é ) If we groupthesevariablesaccordingo theiraddress ,
thenthe linear combinationdnsidethe groupsare Gaussiarbecausehe ( )'s are Gaussiarvectors. The combinations
belongingto differentaddressesire by constructionindependent. This immediatelyshavs that X (™) (p) b2V is a
Gaussiarsystemfor everym 2 N.

Fix n 2 N andpointsty;:::;t, 2 K. We haveto verify that X (M)(t1); ;X (M)(t,) is aGaussiarvector Thisis the
casdf andonlyif (X (M (ty)+ + X (M)(t,) isrealGaussiarfor everychoiceof realnumbers 1;:::; ». Butevery
t 2 K isthelimit of somesequencépy (t))x 1 inV . Wealreadyprovedthat (X (™) (p(t1)) +  + X ™ (pk(tn))
mustbe Gaussiarfor everyk 2 N. Fromthis we concludeby anobviouslimit argumentthatX (™) is Gaussian.
Thecovariancekernel , of X (M) is givenby

X X X
m(sit) = EXM(g)X (M(t) = E )8 o(s) q):
Kil=0 2 «; 2 4 p2F (VQ);q2F (V)
For 6 therandomvectors (), () areindependentvhichimplies §’ {’ = 0. So
XX X
m(sit) = ES)E) w9 qt):

k=0 2« pa2F (Vy)
Forp;q2 F (V) we haveby de nition of ¢
E ) g’ =(r G
If werecallthede nition of the Greens functionvia thekernels , we easilyseethat

X
(r Gi)pq p(s) q(t) =1 (s;1):
p:a2F (V)

Thisimplies m(s;t) = gm+1 (s;t) onK K for everym 2 N.
Thenext resultis our maintheorem.

Theorem4.2 Asm | 1 , the sequencef functionst 7! X (M) (1 ;t) corvemgesuniformlyint 2 K to a continuous
functiont 7! X (! ;t) fora.e ! 2 . Moreover, thesode nedrandomeld X onK is zeo meanGaussiarand hasa
Lévytyperepresentatiorgivenby

X X
X (t) = () o)y (t2K): (6)

2 p2F (VP)
Its covariancekernel coincideswith the Greensfunctiong associatedvith (D ;r) onK . Theefore, if B denoteBrow-

nian motionin K , genelatedby the Laplacianinducedby (D ;r), thenX is the DYNKIN typeGaussianeld associated
with B. Accodingto our terminolagy, X is the BrownianbridgeonK .

Proof For 2 yandp2 F (VY), thevariables,() ) arenormally distributedwith meanzeroandvariancer Gp,. By
astandarccomputationnormality of ,() ) yields

r—p —— p_
Pnj O xP r_0 g—p—r Cpo exp r X “Cexp L
P X T 2r Gpp X 2c’
wherec = max,y o Gpp. Fromthis we concludefor everyk 2 N
n o [ n 0 P K2
P omax jO) kPFo=p i kP NKEVO) —Sexp
2 «p2F (VP) , . k 2c
KiP2F (V)



P
Becausef Nke k“=2¢ < 1 | theBorel-Cantelllemmayields

XX X X XX .
i$2) pi krj p(t)j; ©)
k=n(l) 2 «p2F (VP) k=n(l) 2 «p2F (V0)

propertyassureshat

ko=supsup #f 2 ¢ :t2F (K)g <1;
t2K k 1

seeBARLOW [2], 5.21.Basedonthestructureof the ,'swe canestimatg7) from above by
ko# VO)krk < 1 :
k=n(!)

This provesuniform corvergenceof X (M (1) 2 C(K)to X (1) 2 C(K) asm ! 1 ,forevery! 2 ~. A moments
re ection basednthe proofof propositiord.1shovs = g.

5 Dirichlet form and reproducing kernel Hilbert space
In section3 we de ned Dirichlet formsE,, onVy,, inducedby aregularharmonicstructurgD;r) onap.c.f. self-similar
setK. Asm! 1 ,weobtainaDirichletform (E;F) onV by

F= u2RY D lim Em(UjVim; ujVim) < 15

E(u;v) = lim Ep (UjVin; UjVim)  (U;v 2 F);

In this context the naturaltopologyonV is givenby the effective resistancenetric
R(p;a) = min E(u;u) : u2F;u(p) =1 u()=0 (P;g2 V):

Becaus€D ;r) wasassumedo beregular, the completionof (V ; R) canbeidenti ed with (K ; d). More preciselythese
metricspacesrehomeomorphi@andweidentify C(K) = C(K;d) andC (V ;R) , seeKicAami [13] 3.1. Additionally
we haveforp;q2 V ,

R(p;a) = max ju(p) u(@)i*=E(u;u) : u2 F; u(p) 6 u(g) : (8)

Thereforewe canthink of F asa (densel)subspacef C(K ). Now, if denotesheuniform self-similarmeasurenkK ,
then(E; F) and(E; F °) arelocal regularDirichlet formson L2(K; ), whereF®= f 2 F :fjVp = 0 , seeKIGAMI
[13] 2.7.

Let X bethe Brownian bridge associatedvith (D;r) on K. Correspondingdo the (continuous)covariancekernel

K K ! RofX thereis auniqueHilbertspace H ; ; in C(K) s.t.
(p)2H  (p2K); f;(p) =1 (f2H;p2K);
ARONSZAN[1]. H ; ; is calledthe reproducingkernelHilbert spaceassociatedvith

Proposition5.1 TherepoducingkernelHilbert spaceH is givenby the Dirichlet space(E; F °).

Proof. Becausehecovariance of X is givenby the Greensfunctionassociateavith (D ; r), we canapply7.4.4in [12]
andobtain

Ef;(x;) =f(x) 8f2F° 8x2K: (9)
Moreover, from [12] 7.4.3we concludethat
(x;)2F° 8x2K: (10)

But (F °; E) is a Hilbert space([12] 7.4.5.),so thatthe assertiorfollows from the uniquenessf the reproducingkernel
Hilbert spaceassociateavith



Example 5.2 On[0; 1] thestandard_aplacianis the secondderivative andthe standardirichlet form is
z 1
E(fyf2) = fIOF0dt fufa2HY
0

whereH ! is the usual(order1) Soboler spacein L?([0; 1]). ThereproducingkernelHilbert spaceassociateavith  is
givenby
H = f2H! :f)=f1)=0; fy;fo =E(f1;f2):

6 Conclusion

This paperis a steptoward stochasticprocessesvith fractal parameterspace. It can be seenas an applicationand
concretizatiorof DY NKIN's theoryof Gaussianelds associatedvith Markov processes.

In this paperwe were only concernedwvith the constructionandLévy type representatiof Brownian bridges. Many
gquestiongemainopen. For instancethe picture of the Brownian bridge over the Sierpinskigaslet shavn in section2
motivatesto studythe (irregular)geometryof Brownianbridgesover self-similarfractals.

In classicabrobabilitytheorythe mostcommondistribution on the spaceof continuougunctionsis the Wienermeasure.
On (K; D;r) asin our situation,the (Gaussianyistribution P of the Brownian bridge correspondindo (D;r) on K
constitutesa substitutefor the Wienermeasure.This suggests conceptof “fractal Wienerspaces'.By now we do not
know if sucha notion producesnterestingmathematicsbut it is a very naturalway to think of fractalanalogue®f the
classicaWienerspace.
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