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Abstract

TheGreen's functiong onapost-critically�nite self-similarsetK canbeinterpretedascovariancekernelof azeromeanGaussian
random�eld X parametrizedby K . In this paperwe explicitely constructX by a suitablemodi�cation of the well known midpoint
displacementalgorithm.Our constructionincludesa randomseriesrepresentationof X , obtainedby piecewiseharmonicinterpolation
betweenGaussianrandomvariablesde�ned on theverticesof the �nite graphsapproximatingtheself-similarsetK . For K = [0; 1]
ourconstructionyieldstheLévy representationof thestandardBrownianbridge.

Keywords: Brownianbridge,Green's function,Dirichlet form, harmonicfunctions
Mathematics SubjectClassi�cation: 60G15,60G60,28A80

1 Intr oduction

In 1987GOLDSTEIN [8] andKUSUOKA [18] constructeda diffusionprocesswith valuesin theSierpinskigasket. Their
processis the �rst exampleof Brownianmotionwith valuesin a self-similarfractalK . For theSierpinskigasket BAR-
LOW AND PERKINS [3] presenteda detailedestimateof the correspondingtransitiondensity. Sincethenmany people
contributedto thestudyof diffusionson fractals. For instance,L INDSTRØM [19] studiedBrownianmotionwith values
in so-callednestedfractalsandHAMBLY [9] investigatedBrownianmotion living in a fractal randomenvironment.All
thesesocalledfractionaldiffusionsarestronglysymmetricMarkov processes,seeBARLOW [2] for details.This makes
theapplicationof generalMarkov techniquespossible.
The Green's function g associatedwith Brownian motion in a self-similar set K is a symmetricnonnegative de�nite
kernel. Thereforewe can interpretg ascovariancekernelof a zeromeanGaussianrandom�eld parametrizedby the
self-similarsetK . This viewpoint is dueto DYNKIN [4], who establisheda generaltheoryof Gaussianrandom�elds
associatedwith Markov processesvia their potentials,seee.g. [5]-[6]. A decadelater, MARCUS AND ROSEN [20]-[21]
usedDYNKIN's theoryto derive continuity andboundednessresultsfor the local timesof stronglysymmetricMarkov
processesfrom thesamplepathpropertiesof theassociatedGaussian�elds.
The main novelty presentedin this paperis a direct constructive approachto DYNKIN type random�elds associated
with Brownianmotion in suitableself-similarsetsK . It will turn out that by constructiontheserandom�elds aretied
down on the boundaryof K , which motivatesto call them`bridges'. For the unit interval, our constructionyields the
well known Lévy representationof the standardBrownian bridge, obtainedby the Schauderfunction constructionof
Brownianmotion.For moregeneralself-similarsets,a basisof piecewiseharmonicfunctionsconstitutesa substitutefor
theSchauderfunctionsover theunit interval. As a naturalby-productwe show thatthereproducingkernelHilbert space
of our random�elds coincideswith theDirichlet spacecorrespondingto theunderlyingharmonicstructure.For thesake
of abetterunderstanding,weexplainour ideasin section2 by meansof theunit interval andtheSierpinskigasketbefore
treatingthe generalcasein sections4 and5. For reasonsof conveniencefor the reader, we recall somebasicfactson
harmoniccalculusandGreen's functionsin section3.
For existenceof Brownianmotionin K weshallmakecertainassumptions.First,weassumeK to bepost-critically�nite
(p.c.f.), essentiallymeaningthat thepiecesof theself-similarsetK intersectin only �nitely many points,seeK IGAMI

[12] for anexactde�nition. Second,weassumeexistenceof aharmoniccalculusincludingthenotionof aLaplaciananda
Dirichlet form onK asintroducedby K IGAMI [12]. In general,existenceof aharmoniccalculusis anopenproblem,but
for many well known fractalssuchacalculusis well developedandunderstood,seeK IGAMI [11]-[16], MOSCO [22]-[23],
STRICHARTZ [25], andSTRICHARTZ ET AL . [24], [26].
It is importantto point out that K IGAMI 's harmoniccalculuson p.c.f. self-similarsetsyields the sameLaplacianand
Dirichlet form asderived by generalresultsfrom the Brownian motion in thesesets. So the probabilisticandanalytic
approachesarejust differentaspectsof thesametheory, seeBARLOW [2], FUKUSHIMA [7].
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2 Brownian bridges over the unit interval and the Sierpinski gasket

In this sectionwe explain our ideasby meansof two examplesof self-similar sets,namelythe unit interval and the
Sierpinskigasket. Somebackgroundonharmoniccalculusandall detailsandproofswill begivenin sections3, 4, and5.
We �rst focuson theBrownianbridgeX =

�
X (t)

�
t 2 [0;1]

over theunit interval. Note that [0; 1] is thesimplestexample
of a p.c.f. self-similarset.TheLévy representationof X is givenby therandomseries

X (t) =
1X

k=1

X

i 2 I (k )

� (k )
i S(k )

i (t) (0 � t � 1); (1)

whereI (k) denotesthesetof oddintegersbetween0 and2k , f � (k )
i : k 2 N; i 2 I (k)g is a family of independentstandard

normal randomvariables,andthe S(k )
i 's are taken from the systemof Schauderfunctionsobtainedby integrating the

Haarbasisin L 2([0; 1]). Notethat thegraphsof theS(k )
i 's look like little tentsof height2� (k+1) =2 centeredat i=2k and

nonoverlappingfor differentvaluesof i 2 I (k), seeKARATZAS AND SHREVE [10], 2.3.-2.4.TheLévyrepresentation(1)
supportsconvergenceof thewell known midpointdisplacementalgorithmfor constructingtheBrownianbridgeon [0; 1].
Thedistributionof X is determinedby thecovariancekernel

�( s; t) = E
�
X (s)X (t)

�
= minf s; tg � st

�
s; t 2 [0; 1]

�
:

Moreover, � is theGreen'sfunctionof BrownianmotionB in [0; 1]
�
killed whenit exits (0; 1)

�
, sothatX is theGaussian

�eld associatedwith B , seeDYNKIN [4].
Now let K beany p.c.f. self-similarsetcarryingaharmonicstructure,seeK IGAMI [12]. NotethatthestandardLaplacian
(inducedby the underlyingharmonicstructure)on K corresponds(as in�nitesimal generator)to a Brownian motion
process1 B in K . ThestandardGreen's functiong of B in K is thecovariancekernelof a (DYNKIN type)Gaussian�eld
X parametrizedby K . Ourmainobjectiveis to �nd aLévytypeconstructionof X generalizing(1). Wenow explainhow
thiscanbedonefor theSierpinskigasket (SG).
RecallthattheSGis theuniqueself-similarsetK � R2 satisfying

K = F1(K ) [ F2(K ) [ F3(K ); Fi (x) =
1
2

(x � pi ) + pi (i = 1; 2; 3);

wherep1 = (0; 0), p2 = (1; 0), andp3 =
�
1=2;

p
3=2

�
arethe verticesof an equilateraltriangleof sidelength1. Set

V0 = f p1; p2; p3g andlet � m = f 1; 2; 3gm , F� = F� 1 � � � � � F� m for � = (� 1; :::; � m ) 2 � m , and� � =
S 1

m =0 � m . For
� 2 � m we identify thethreeverticesin F� (V0) with thecorrespondingm-minimal triangle.Thesetof verticesat stage
m is givenby Vm =

S
� 2 � m

F� (V0). Besideswe de�ne V 0
m = Vm nV0. The(�nite) setV0 is understoodastheboundary

of K . Now let g bethestandardGreen's functiononK , seesection3. G1 = gj(V 0
1 � V 0

1 ) is calledthe(stage1) Green's
matrixonK , givenby

G1 =
1
10

0

@
3 1 1
1 3 1
1 1 3

1

A : (2)

Let (
 ; A ; P) bea completeprobabilityspaceoverwhichall randomvariableswill bede�ned. Set

X (pi ) = 0 (i = 1; 2; 3):

ChooseaGaussianvector� ( ; ) = � = (� p)p2 V 0
1

with normaldistributionN (0; G1) (mean0, covarianceG1). For � 2 � m

we de�ne a Gaussianvector� ( � ) = (� ( � )
p )p2 F � (V 0

1 ) with distribution N
�
0; (3=5)m G1

�
suchthat

�
� ( � ) : � 2 � �

	
is a

family of independentrandomvectors.For themeaningof theratio3=5 we referto (3).

X (p) = � p for p 2 V 0
1

determinesX on V1. We want to extendX by inductionto all pointsp 2 V� =
S 1

m =0 Vm . Assumethat the random
variablesX (p) arealreadyde�ned for everyp 2 Vm � 1. Let F� (V0) = f q1; q2; q3g bean(m � 1)-minimal triangle.Then
weextendX to q12; q13; q23 2 Vm by

1Note thatoneusuallyconstructsa Brownian motionprocess~B in an in�nite self-similarextension ~K of K . Brownian motion in K canthenbe
obtainedby killing theprocess~B whenit exits K (on theboundaryof K ).
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X (q12) =
2
5

X (q1) +
2
5

X (q2) +
1
5

X (q3) + � ( � )
q12

;

X (q13) =
2
5

X (q1) +
2
5

X (q3) +
1
5

X (q2) + � ( � )
q13

;

X (q23) =
2
5

X (q2) +
2
5

X (q3) +
1
5

X (q1) + � ( � )
q23

: 
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Remark 2.1 TheEquationsabove(without randomoffsets)areknown astheharmonicalgorithm,seeK IGAMI [11] and
STRICHARTZ ET. AL . [24]. This algorithmis usedfor computingthe valuesof harmonicfunctionson the SG.More
precisely, givenany boundaryvaluesf (p1); f (p2); f (p3), onecanextendthefunctionf to aharmonicfunctionontheSG
by successiveapplicationof theharmonicalgorithmandsomelimit argument.

If we continueto de�ne randomvariablesby this schemewe obtaina Gaussiansystemf X (p) : p 2 V� g de�ned on an
in�nite setof verticesdensein K . It followsfrom thegeneralresultsin section4 andexample3.1thatthissystemcanbe
extendedto theBrownianbridgeoverK with covariancegivenby theGreen's functiong onK , seetheorem4.2.

Moreover, X hasa Lévy type representation,see(6). For understandingthis, recall that on the unit interval, the Lévy
representation(1) is obtainedby linear interpolationbetweenrandomheightsarisingfrom midpointdisplacement.This
is realizedby summationof randomlyscaledSchauderfunctions.For theSierpinskigasket, theSchauderfunctionsare
substitutedby a basisof piecewiseharmonicfunctions,seeexample3.1 for an illustration. By summationof randomly
scaledpiecewiseharmonicfunctionweobtain(6).

Thefollowing �gure shows a simulationof theBrownianbridgeon theSG(left-handside)andthecorrespondingfront
face(right-handside):

Remark 2.2 A majordifferencebetweenthebridgeover theSGandthebridgeover [0; 1] is thefollowing: For theSG
we cannotdo midpointdisplacementwith i.i.d. randomvariablesbut have to take into accountthenaturalcorrelations
givenby the(stage1) Greensmatrix G1.

3 Green's function on p.c.f. self-similar sets

In this sectionwe brie�y recall theconstructionof Green's functionon p.c.f. self-similarsetscarryinga harmonicstruc-
ture.For detailsandproofswe referto K IGAMI 's papers[12]-[13].
Let

�
K ; f 1; :::; N g; f Fi gi =1 ;:::;N

�
be a p.c.f. self-similar structure,essentiallymeaningthat K =

S N
i =1 Fi (K ) is a

compactself-similarsetwhosepiecesFi (K ) intersectin only �nitely many points. Let V0 be theboundaryof K , and
de�ne Vm =

S
� 2 � m

F� (V0) for m 2 N, where� m = f 1; :::; N gm andF� = F� 1 � � � � � F� m for � = (� 1; :::; � m ) 2 � m .
Note that thep.c.f. propertyassuresthat theboundaryV0 is �nite. We assumeexistenceof a matrix D 2 RV0 � V0 and
a vectorr = (r 1; :::; rN ) with 0 < r i < 1, suchthat (D ; r ) becomesa (regular)harmonicstructureon K , seeK IGAMI
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[12]-[13] for the de�nition andpropertiesof harmonicstructures.For instance,on the Sierpinskigasket the standard
harmonicstructureis givenby

D =

0

@
� 2 1 1

1 � 2 1
1 1 � 2

1

A ; r =
�

3
5

;
3
5

;
3
5

�
; (3)

seeK IGAMI [15] 3.13. Asociatedwith D is a Dirichlet form ED (u; v) = � uT Dv (u; v 2 RV0 ). Following K IGAMI 's
paper[12], any harmonicstructure(D ; r ) inducesdiscreteLaplacians(conductancematrices)

Hm =
X

� 2 � m

r � 1
� RT

� DR� 2 RVm � Vm

andcorrespondingDirichlet forms

Em (u; v) =
X

� 2 � m

r � 1
� ED (u � F� ; v � F� );

�
u; v 2 RVm

�

wherer � = r � 1 � � � r � m andR� : RVm ! RV0 ; u 7! u � F� . Hm canbewrittenas

Hm =

 
Tm J T

m

Jm M m

!

; Tm 2 RV0 � V0 ; M m 2 RV 0
m � V 0

m ; (4)

whereM m is invertibleandnegativede�nite, sothatthesocalledGreen'smatrix

Gm = � M � 1
m (m 2 N)

is a symmetricnonnegative de�nite matrix with nonnnegative entries.Let d denotetheEuclideanmetric andC(K ) =
C(K ; d) thespaceof continuousfunctions(w.r.t. d) onK . A functionf 2 C(K ) is calledharmoniconK if H m f (p) = 0
for every m 2 N andall p 2 V 0

m . A functionf 2 C(K ) is calledm-harmonicif f � F� is harmonicfor every � 2 � m .
For p 2 Vm let  m

p betheuniquem-harmonicfunctionsuchthat( m
p jVm )(q) equals1 if q = p and0 otherwise.

Example3.1 For the Sierpinskigasket K andp 2 V 0
m the m-harmonicfunction  m

p is nonzeroon the restrictionof
K to the two m-minimal trianglesconnectedby p andzeroelsewhere. Startingfrom the characteristicfunction in p
on Vm onecanconstruct m

p by successive applicationof the harmonicalgorithm(remark2.1) inside the m-minimal
trianglesconnectedby p. Thefollowing �gure shows  0

p and 1
q on theSierpinskigasket for p = (1=2;

p
3=2) 2 V0 and

q = (1=4;
p

3=4) 2 V 0
1 :

Piecewiseharmonicfunctionslike theoneon theright-handsideabove replacetheSchauderfunctionsusedin theLévy
representation(1) of theBrownianbridgeon theunit interval.

By de�ning  p =  m
p for p 2 Vm nVm � 1, we obtaina piecewiseharmonicbasis( p)p2 V� , whereV� =

S 1
m =0 Vm . The

Green's functionat stage1 is de�ned by

g1(x; y) = 	( x; y) =
X

p;q2 V 0
1

(G1)pq p(x) q(y) (x; y 2 K ):
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TheGreen's functionat stagem is de�ned asfollows. First set

	 � (x; y) =
�

	
�
F � 1

� (x); F � 1
� (y)

�
if x; y 2 F� (K )

0 otherwise

for � 2 � � =
S 1

m =0 � m . Thende�ne

gm (x; y) =
m � 1X

k=0

X

� 2 � k

r � 	 � (x; y) =
X

p;q2 V 0
m

(Gm )pq m
p (x) m

q (y):

Becauseof 	 � (x; y) � 0 (andtheregularityof theharmonicstructure(D ; r )), thelimit

g(x; y) = lim
m !1

gm (x; y) =
X

� 2 � �

r � 	 � (x; y)

is �nite, andg is continuousonK � K , seeK IGAMI [12] 5.4.Thekernelg is calledtheGreen's functionassociatedwith
theharmonicstructure(D ; r ) onK . It is symmetricandnonnegativede�nite. More informationonGreen's functionson
fractalsandvariouspicturescanbefoundin a recentpaperby K IGAMI , SHELDON, AND STRICHARTZ [17].

4 Construction of Brownian bridges

Let
�
K ; f 1; :::; N g; f Fi gi =1 ;:::;N

�
be a p.c.f. self-similarstructurecarryinga regular harmonicstructure(D ; r ) asex-

plainedin section3. Let (
 ; A ; P) be a completeprobability spaceover which all randomvariableswill be de�ned.
Restrictionof theGreen's functiong to V 0

1 yieldstheGreen'smatrixG1. Wementionedin section3 thatG1 is anonneg-
ative de�nite symmetricmatrix with nonnegativeentries.Thereforewe caninterpretG1 ascovariancematrix of a mean
zeroGaussianrandomvector

� = � ( ; ) =
�
� ( ; )

p

�
p2 V 0

1
:

We regard � ( ; )
p as `randomheight' over the vertex p 2 V 0

1 and de�ne a stochasticprocessX (0) on K by piecewise
harmonicinterpolationbetweentheGaussianvariables� ( ; )

p (p 2 V 0
1 ),

X (0) (t) =
X

p2 V 0
1

� ( ; )
p  p(t) (t 2 K );

wherethe functions p aretaken from the piecewise harmonicbasisintroducedin section3. Now we selectfor every
address� 2 � � a Gaussianrandomvector

� ( � ) =
�
� ( � )

p

�
p2 F � (V 0

1 )

with meanzeroandcovariancematrix r � G1, suchthat
n

� ( � ) : � 2 � �

o

is a family of independentrandomvectors.Recallthat for � 2 � m , r � = r � 1 � � � r � m , wherether i 's aretakenfrom the
harmonicstructure(D ; r ). For m 2 N wede�ne processesX (m ) by

X (m ) (t) =
mX

k=0

X

� 2 � k

X

p2 F � (V 0
1 )

� ( � )
p  p(t) (t 2 K ): (5)

Proposition4.1 Theprocesses
�
X (m ) (t)

�
t 2 K

are zero meanGaussianrandom�elds with pathsin C(K ). Thecovari-

ancekernel � m of X (m ) coincideswith theGreen's functiongm +1 of stage m+1 associatedwith theharmonicstructure
(D ; r ) onK .
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Proof. First of all it is clearby constructionthatall randomvariablesX (m ) (t) havemeanzero.Becauseall functions p

arecontinuous,everypathof X (m ) is just a (�nite) linearcombinationof continuousfunctionsandthereforecontinuous.
For proving thatX (m ) is Gaussianwe �rst consideronly pointsp 2 V� . Everysuchp is in someVm . Therepresentation
(5) showsthatX (m ) (p) is a linearcombinationof variables� ( � )

q . If wegroupthesevariablesaccordingto theiraddress� ,
thenthe linearcombinationsinsidethegroupsareGaussianbecausethe � ( � ) 's areGaussianvectors.Thecombinations
belongingto different addressesare by constructionindependent.This immediatelyshows that

�
X (m ) (p)

�
p2 V�

is a
Gaussiansystemfor everym 2 N.
Fix n 2 N andpointst1; :::; tn 2 K . We have to verify that

�
X (m ) (t1); :::; X (m ) (tn )

�
is a Gaussianvector. This is the

caseif andonly if � 1X (m ) (t1) + � � �+ � n X (m ) (tn ) is realGaussianfor everychoiceof realnumbers� 1; :::; � n . But every
t 2 K is thelimit of somesequence(pk (t)) k � 1 in V� . We alreadyprovedthat� 1X (m ) (pk (t1)) + � � � + � n X (m ) (pk (tn ))
mustbeGaussianfor everyk 2 N. Fromthis weconcludeby anobviouslimit argumentthatX (m ) is Gaussian.
Thecovariancekernel� m of X (m ) is givenby

� m (s; t) = E X (m ) (s)X (m ) (t) =
mX

k ;l =0

X

� 2 � k ; � 2 � l

X

p2 F � (V 0
1 ) ; q2 F � (V 0

1 )

�
E � ( � )

p � ( � )
q

�
 p(s) q(t):

For � 6= � therandomvectors� ( � ) , � ( � ) areindependent,which impliesE � ( � )
p � ( � )

q = 0. So

� m (s; t) =
mX

k=0

X

� 2 � k

X

p;q2 F � (V 0
1 )

�
E � ( � )

p � ( � )
q

�
 p(s) q(t):

For p;q 2 F� (V 0
1 ) we haveby de�nition of � ( � )

E � ( � )
p � ( � )

q = (r � G1)pq :

If we recallthede�nition of theGreen's functionvia thekernels	 � , we easilyseethat
X

p;q2 F � (V 0
1 )

(r � G1)pq p(s) q(t) = r � 	 � (s; t):

This implies� m (s; t) = gm +1 (s; t) onK � K for everym 2 N. �

Thenext resultis our maintheorem.

Theorem4.2 As m ! 1 , the sequenceof functionst 7! X (m ) (! ; t) convergesuniformly in t 2 K to a continuous
functiont 7! X (! ; t) for a.e. ! 2 
 . Moreover, thesode�ned random�eld X on K is zero meanGaussianandhasa
Lévytyperepresentationgivenby

X (t) =
X

� 2 � �

X

p2 F � (V 0
1 )

� ( � )
p  p(t) (t 2 K ): (6)

Its covariancekernel� coincideswith theGreen'sfunctiong associatedwith (D ; r ) onK . Therefore, if B denotesBrow-
nian motionin K , generatedby theLaplacianinducedby (D ; r ), thenX is theDYNKIN typeGaussian�eld associated
with B . According to our terminology, X is theBrownianbridgeonK .

Proof. For � 2 � k andp 2 F� (V 0
1 ), thevariables� ( � )

p arenormallydistributedwith meanzeroandvariancer � Gpp . By
astandardcomputation,normalityof � ( � )

p yields

P
n

j� ( � )
p j � x

p
r �

o
�

r
2
�

p
r � Gpp

x
p

r �
exp

�
�

r � x2

2r � Gpp

�
�

p
c

x
exp

�
�

x2

2c

�
;

wherec = maxp2 V 0
1

Gpp . Fromthis weconcludefor everyk 2 N

P
n

max
� 2 � k ;p2 F � (V 0

1 )
j� ( � )

p j � k
p

r �

o
= P

� [

� 2 � k ;p2 F � (V 0
1 )

n
j� ( � )

p j � k
p

r �

o �
� N k (# V 0

1 )
p

c
k

exp
�

�
k2

2c

�
:
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Becauseof
P

N k e� k 2 =2c < 1 , theBorel-Cantellilemmayields
1X

k= n ( ! )

X

� 2 � k

X

p2 F � (V 0
1 )

j� ( � )
p (! ) p(t)j �

1X

k= n ( ! )

X

� 2 � k

X

p2 F � (V 0
1 )

k r k j p(t)j; (7)

wherer = (maxi =1 ;:::;N r i )1=2 < 1, n(! ) is someappropriatelylargeindex, and! 2 ~
 with P( ~
) = 1. Now, thep.c.f.
propertyassuresthat

k0 = sup
t 2 K

sup
k � 1

�
# f � 2 � k : t 2 F� (K )g

�
< 1 ;

seeBARLOW [2], 5.21.Basedon thestructureof the p 'swe canestimate(7) from aboveby
1X

k= n ( ! )

k0(# V 0
1 )k r k < 1 :

This provesuniform convergenceof X (m ) (! ) 2 C(K ) to X (! ) 2 C(K ) asm ! 1 , for every ! 2 ~
 . A moment's
re�ection basedon theproofof proposition4.1shows � = g. �

5 Dirichlet form and reproducing kernel Hilbert space

In section3 wede�ned Dirichlet formsEm onVm , inducedby a regularharmonicstructure(D ; r ) onap.c.f. self-similar
setK . As m ! 1 , we obtaina Dirichlet form (E; F ) onV� by

F =
�

u 2 RV� : lim
m !1

Em (ujVm ; ujVm ) < 1
	

;

E(u; v) = lim
m !1

Em (ujVm ; ujVm ) (u; v 2 F );

In this context thenaturaltopologyonV� is givenby theeffectiveresistancemetric

R(p;q) = min
�

E(u; u) : u 2 F ; u(p) = 1; u(q) = 0
	

(p;q 2 V� ):

Because(D ; r ) wasassumedto beregular, thecompletionof (V� ; R) canbeidenti�ed with (K ; d). Moreprecisely, these
metricspacesarehomeomorphicandwe identify C(K ) = C(K ; d) andC

�
(V� ; R)

�
, seeK IGAMI [13] 3.1. Additionally

wehave for p;q 2 V� ,

R(p;q) = max
�

ju(p) � u(q)j2=E(u; u) : u 2 F ; u(p) 6= u(q)
	

: (8)

Thereforewe canthink of F asa (dense!)subspaceof C(K ). Now, if � denotestheuniform self-similarmeasureonK ,
then(E; F ) and(E; F 0) arelocal regularDirichlet formson L 2(K ; � ), whereF 0 =

�
f 2 F : f jV0 = 0

	
, seeK IGAMI

[13] 2.7.
Let X be the Brownian bridgeassociatedwith (D ; r ) on K . Correspondingto the (continuous)covariancekernel� :
K � K ! R of X thereis auniqueHilbert space

�
H � ;



�; �

�
�

�
in C(K) s.t.

�( p; �) 2 H � (p 2 K );


f ; �( p; �)

�
� = f (p) (f 2 H � ; p 2 K );

ARONSZAJN [1].
�
H � ;



�; �

�
�

�
is calledthereproducingkernelHilbert spaceassociatedwith � .

Proposition5.1 ThereproducingkernelHilbert spaceH � is givenby theDirichlet space(E; F 0).

Proof. Becausethecovariance� of X is givenby theGreen's functionassociatedwith (D ; r ), wecanapply7.4.4in [12]
andobtain

E
�
f ; �( x; �)

�
= f (x) 8 f 2 F 0 8 x 2 K : (9)

Moreover, from [12] 7.4.3weconcludethat

�( x; �) 2 F 0 8 x 2 K : (10)

But (F 0; E) is a Hilbert space([12] 7.4.5.),so that theassertionfollows from theuniquenessof the reproducingkernel
Hilbert spaceassociatedwith � . �
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Example5.2 On [0; 1] thestandardLaplacianis thesecondderivativeandthestandardDirichlet form is

E(f 1; f 2) =
Z 1

0
f 0

1(t)f 0
2(t)dt

�
f 1; f 2 2 H 1�

;

whereH 1 is theusual(order1) Sobolev spacein L 2([0; 1]). The reproducingkernelHilbert spaceassociatedwith � is
givenby

H � =
�

f 2 H 1 : f (0) = f (1) = 0
	

;


f 1; f 2

�
� = E(f 1; f 2):

6 Conclusion

This paperis a step toward stochasticprocesseswith fractal parameterspace. It can be seenas an applicationand
concretizationof DYNKIN's theoryof Gaussian�elds associatedwith Markov processes.
In this paperwe wereonly concernedwith the constructionandLévy type representationof Brownian bridges. Many
questionsremainopen. For instance,the pictureof theBrownian bridgeover the Sierpinskigasket shown in section2
motivatesto studythe(irregular)geometryof Brownianbridgesoverself-similarfractals.
In classicalprobabilitytheorythemostcommondistributionon thespaceof continuousfunctionsis theWienermeasure.
On (K ; D ; r ) as in our situation,the (Gaussian)distribution P of the Brownian bridgecorrespondingto (D ; r ) on K
constitutesa substitutefor theWienermeasure.This suggestsa conceptof `fractalWienerspaces'.By now we do not
know if sucha notionproducesinterestingmathematics,but it is a very naturalway to think of fractalanaloguesof the
classicalWienerspace.
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[16] Kigami, J.,Analysison fractals, bookin preparation

[17] Kigami, J.,Sheldon,D. R., Strichartz,R. S.,Green's functionson fractals, Preprint,CornellUniversity(1999)

[18] Kusuoka,S., A diffusionprocesson a fractal, in ProbabilisticMethodsin MathematicalPhysics,Proc.Taniguchi
Intern.Symp.,(K. Ito, N. Ikeda,eds.),Kinokuniya,Tokio (1987),251-274

[19] Lindstrøm,T., Brownianmotiononnestedfractals, MemoirsAmer. Math.Soc.83, No. 420(1990)

[20] Marcus,M. B., Rosen,J., Samplepath propertiesof the local timesof strongly symmetricMarkov processesvia
Gaussianprocesses, Ann. Probab. 20, No. 4, (1992),1603-1684

[21] Marcus,M. B., Rosen,J.,Moduli of Continuityof LocalTimesof StronglySymmetricMarkovProcessesvia Gaussian
Processes, J.Theoret.Probab. 5, No. 4, (1992),791-825

[22] Mosco,U., Variational metricsonself-similarfractals, C. R. Acad.Sci.Paris321(1995),715-720

[23] Mosco,U., DirichletFormsandSelf-Similarity, in Jost,Kendall,Mosco,Röckner, Sturm(eds.):`New Directionsin
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